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Abstract
In this work, a weighted generalization of Rado’s inequality and Popoviciu’s inequality is given, from which some valuable
inequalities of Rado–Popoviciu type are derived. Moreover, the result is used to obtain refinements of weighted mean value
inequalities.
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1. Introduction
Let An(a) = (a1 + a2 + · · · + an)/n,Gn(a) = n√a1a2 · · · an , ai > 0, i = 1, 2, . . . , n. The following inequalities:
n(An(a)− Gn(a)) ≥ (n − 1)(An−1(a)− Gn−1(a)), (1)
(An(a)/Gn(a))
n ≥ (An−1(a)/Gn−1(a))n−1 (2)
are known in the literature as Rado’s inequality and Popoviciu’s inequality respectively (see Mitrinovic´ and Vasic´ [1,
p. 94]). Inequalities (1) and (2) provide a good approach for combining arithmetic means and geometric means of
positive numbers. This pair of inequalities has received considerable attention by many authors, and has motivated
a large number of research papers giving their simple proofs providing various generalizations, improvements and
analogues (see [1–5] and references therein).
The aim of this work is to establish a new generalization of Rado’s inequality and Popoviciu’s inequality which
involves weights and exponents. Finally, we provide an application of the results to refinement of weighted mean
value inequalities.
We first introduce the following lemmas. The inequalities asserted by Lemmas 1 and 2 are called the weighted
mean value inequality and the generalized Ho¨lder inequality respectively.
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2. Main results
As in [1,2] the following means for positive numbers a1, a2, . . . , an and positive weights λ1, λ2, . . . , λn are defined:










































, generalized geometric means.
Our main result is stated in the following theorem:










An−1(a, λ)− µM [p]n−1(a, λ)
)
. (5)
































An−1(a, λ)− µM [p]n−1(a, λ)
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An−1(a, λ)− µM [p]n−1(a, λ)
)
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Proof. In our proof of Theorem 1, we consider the following three cases.


































































































































M [p]n (a, λ),
which leads to the desired inequality (5).



































































































M [p]n (a, λ).


































































M [p]n (a, λ).
Inequality (6) follows immediately from the above inequality.





































































































































































M [p]n (a, λ),
which leads to inequality (7). The proof of Theorem 1 is complete.
We give here some direct consequences of Theorem 1.
Putting q = µ = 1 in Theorem 1, we obtain













An−1(a, λ)− M [p]n−1(a, λ)
)
. (8)
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An−1(a, λ)− M [p]n−1(a, λ)
)
. (9)
Putting p = −1 and p → 0 respectively in (8), and using the known result limt→0 M [t]n (a, λ) = Gn(a, λ) (see
Mitrinovic´ and Vasic´ [1, p. 74]), we get






















(An−1(a, λ)− Gn−1(a, λ)) . (11)
In addition, using Theorem 1 with a substitution µ = An−1(a, λ)/M [p]n−1(a, λ) in (5) gives














Putting p = −1 and p → 0 in (12) respectively yields

















Obviously, Rado’s inequality and Popoviciu’s inequality can be deduced respectively from inequalities (11) and
(14) in a special case: λ1 = λ2 = · · · = λn = 1.
3. Application to the refinement of weighted mean value inequalities
As an application of the results, we establish the following refinements of the weighted arithmetic mean inequality
and weighted power mean inequality.
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Proof. Using Corollary 4 and Corollary 1 respectively gives
(A1(a, λ)/G1(a, λ))




≤ · · · ≤ (An−1(a, λ)/Gn−1(a, λ))
n−1∑
i=1















(M [p]n−1(a, λ)− An−1(a, λ))






(M [p]2 (a, λ)− A2(a, λ))











(M [p]n−1(a, λ)− An−1(a, λ))






(M [p]2 (a, λ)− A2(a, λ))
≥ λ1(M [p]1 (a, λ)− A1(a, λ)) (p > 1). (20)
Multiplying both sides of all inequalities in (18) by (Gn(a, λ))
∑n
i=1 λi leads to inequality (15). Adding(∑n
i=1 λi
)
An(a, λ) to both sides of all inequalities in (19) and (20) yields inequalities (16) and (17).
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